A sharp cut-off in the primordial scalar power spectrum on large scales has been known to improve the fit to the cosmic microwave background data when compared to the more standard, nearly scale invariant power spectrum that arises in slow roll inflation. Over the last couple of years, there has been a resurgent interest in arriving at such power spectra in models with kinetically dominated initial conditions for the background scalar field which leads to inflation of specific duration. In a recent work, we had numerically investigated the characteristics of the scalar bispectrum generated in such models. In this work, we compare the scenario with two other competing scenarios (viz. punctuated inflation and a model due to Starobinsky) which also suppress the scalar power in a roughly similar fashion on large scales. We further consider two other scenarios involving inflation of a finite duration, one wherein the scalar field begins on the inflationary attractor and another wherein the field starts with a smaller velocity and evolves towards the attractor. These scenarios too exhibit a sharp drop in power on large scales if the initial conditions on the perturbations for a range of modes are imposed on super-Hubble scales as in the kinetically dominated model. The model wherein the background field always remains on the inflationary attractor is interesting for the reason that it permits analytical calculations of the scalar power and bispectra. We compare the amplitudes and shapes of the scalar non-Gaussianity parameter f NL in all these cases which lead to scalar power spectra of similar form. Interestingly, we find that, in the models wherein the initial conditions on the perturbations are imposed on super-Hubble scales, the consistency relation governing the scalar bispectrum is violated for the large scale modes, whereas the relation is satisfied for all the modes in the other scenarios. These differences in the behavior of the scalar bispectra can conceivably help us observationally discriminate between the various models which lead to power spectra of roughly similar shape.
A sharp cut-off in the primordial scalar power spectrum on large scales has been known to improve the fit to the cosmic microwave background data when compared to the more standard, nearly scale invariant power spectrum that arises in slow roll inflation. Over the last couple of years, there has been a resurgent interest in arriving at such power spectra in models with kinetically dominated initial conditions for the background scalar field which leads to inflation of specific duration. In a recent work, we had numerically investigated the characteristics of the scalar bispectrum generated in such models. In this work, we compare the scenario with two other competing scenarios (viz. punctuated inflation and a model due to Starobinsky) which also suppress the scalar power in a roughly similar fashion on large scales. We further consider two other scenarios involving inflation of a finite duration, one wherein the scalar field begins on the inflationary attractor and another wherein the field starts with a smaller velocity and evolves towards the attractor. These scenarios too exhibit a sharp drop in power on large scales if the initial conditions on the perturbations for a range of modes are imposed on super-Hubble scales as in the kinetically dominated model. The model wherein the background field always remains on the inflationary attractor is interesting for the reason that it permits analytical calculations of the scalar power and bispectra. We compare the amplitudes and shapes of the scalar non-Gaussianity parameter f NL in all these cases which lead to scalar power spectra of similar form. Interestingly, we find that, in the models wherein the initial conditions on the perturbations are imposed on super-Hubble scales, the consistency relation governing the scalar bispectrum is violated for the large scale modes, whereas the relation is satisfied for all the modes in the other scenarios. These differences in the behavior of the scalar bispectra can conceivably help us observationally discriminate between the various models which lead to power spectra of roughly similar shape.
I. INTRODUCTION
Ever since the advent of the three-year WMAP data, it has been repeatedly found that a sharp drop in power at large scales roughly corresponding to the Hubble radius today improves the fit to the anisotropies in the Cosmic Microwave Background (CMB) at the low multipoles (for an early analysis, see, for instance, Ref. [1] ; for later discussions in this context, see Refs. [2] [3] [4] [5] ). A variety of inflationary scenarios have been constructed to generate such a drop in power on large scales (for a short list of possibilities, see Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ).
One of the scenarios that generates a scalar spectrum with suppressed power on large scales corresponds to a situation wherein the scalar field driving inflation starts rolling down the potential with a high velocity (for the original discussion, see Ref. [7] ; for more recent discussions, see Refs. [17] [18] [19] [20] ). While the very early kinetically dominated phase does not permit accelerated expansion, the friction arising due to the expansion of the universe slows down the field, initially leading to a brief period of fast roll inflation and eventually to the standard phase of slow roll inflation. If one chooses the beginning of inflation to occur at an appropriately early time, the inflationary power spectra exhibit lower power at suitably large scales, improving the fit to the CMB data at the low multipoles [20] . However, it should be emphasized that, in such scenarios, a range of large scale modes are never inside the Hubble radius and the spectra with a suppression of power arise provided the standard Bunch-Davies initial conditions are imposed on super-Hubble scales [7, 20] .
A competing inflationary scenario that, in fact, leads to sharper drop in power at the large scales corresponds to a short phase of fast roll sandwiched between two epochs of slow roll inflation. Such scenarios can be further sub-divided into two categories: one wherein inflation is sustained even during the phase of fast roll and another wherein the epoch of fast roll leads to a brief departure from inflation. While the first type of scenario can be achieved in a model originally due to Starobinsky involving a linear potential with an abrupt change in slope [21] , the second type of scenario-dubbed punctuated inflation-is known to arise due to inflationary potentials containing a point of inflection [13, 14] . The advantage of such scenarios is that the initial epoch of slow roll inflation permits one to impose the standard Bunch-Davies initial conditions in the sub-Hubble domain for all the modes of cosmological interest.
As we shall see, these alternative scenarios lead to scalar power spectra which have almost the same shape. One can expect that non-Gaussianities, specifically, the scalar bispectrum, would help us discriminate between these models. In a recent work, we had numerically computed the scalar bispectrum and the corresponding non-Gaussianity parameter f NL that arise in models with arXiv:2003.01099v1 [astro-ph.CO] 2 Mar 2020 kinetically dominated initial conditions [22] . Interestingly, we had found that, in such a scenario, the contributions due to the boundary terms in the third order action governing the scalar perturbations dominate the contributions due to the bulk terms. In this work, we shall discuss in detail the various contributions to the scalar bispectrum that arise as well as the numerical procedure that we have adopted to compute the scalar bispectrum. We shall also compare the bispectrum that arises in the model with those that occur in the Starobinsky model and punctuated inflation. Moreover, apart from the above mentioned scenarios, we shall also examine two other situations involving inflation of a finite duration, which can be considered to be variations of the model with kinetically dominated initial conditions. We shall consider a case wherein the background scalar field begins on the inflationary attractor (a scenario which we shall call as the hard cut-off model) and another wherein the field starts with a small velocity and evolves towards the attractor (a scenario which we shall refer to as the dual to kinetic domination). As in the model with an early kinetically dominated phase, these cases too lead to a sharp drop in power on large scales when the initial conditions on the perturbations are imposed on super-Hubble scales for a range of modes. Further, since the trajectory always remains on the attractor in the hard cut-off model, it leads to slow roll, permitting us to evaluate the scalar power and bispectra analytically. We find that, in the models wherein the Bunch-Davies initial conditions are imposed on super-Hubble scales, the consistency relation governing the scalar bispectrum is violated for the large scale modes, whereas the relation is satisfied for all the modes in the other scenarios (viz. the Starobinsky model and punctuated inflation). These differences in the behavior of the scalar bispectrum can hopefully help us observationally discriminate between the various models.
The remainder of this paper is organized as follows. In the next section, we shall discuss the power spectra that arise in the different inflationary scenarios of interest, viz. inflation with kinetically dominated initial conditions, the Starobinsky model, punctuated inflation, the hard cut-off model and the model which is dual to kinetic domination. In Sec. III, we shall discuss the third order action governing the curvature perturbation, including the boundary terms that are often ignored. In Sec. IV, we shall numerically evaluate the scalar bispectra that arise in all these models. We shall also present the analytical calculation of the scalar bispectrum in the hard cut-off model. In Sec. V, we shall describe the amplitude and the shape of the scalar non-Gaussianity parameter f NL that arise in all the cases. In Sec. VI, we shall examine the consistency relation governing the scalar bispectrum in the squeezed limit. We shall conclude in Sec. VII with a summary of the results obtained. In an appendix, we shall illustrate the imprints of the initial kinetically dominated epoch on the scalar power spectrum across different inflationary models.
A few words on our conventions and notations are in order at this stage of our discussion. We shall work with natural units wherein = c = 1, and define the Planck mass to be M Pl = (8 π G) −1/2 . We shall adopt the signature of the metric to be (−, +, +, +) and assume the background to be the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) line element described by the scale factor a and the Hubble parameter H. An overdot and an overprime shall represent differentiation with respect to the cosmic time (t) and the conformal time (η) coordinates, respectively. Further, we shall denote the number of e-folds by N .
II. SUPPRESSING THE SCALAR POWER ON LARGE SCALES
In this section, we shall describe the models of our interest and discuss the scalar power spectra that arise in these cases.
A. Numerical evaluation of the scalar power spectrum
Let us begin by describing the evaluation of the scalar power spectrum in inflation driven by a single, canonical, scalar field. Recall that, in such a case, the evolution of the scalar perturbations is governed by the following equation of motion for the Mukhanov-Sasaki variable v k (see, for instance, the reviews [23] [24] [25] [26] [27] [28] [29] [30] [31] 
where z = √ 2 1 M Pl a, with 1 being the first slow roll parameter defined as 1 = −Ḣ/H 2 . The scalar power spectrum P S (k) is given by
where we have introduced the quantity
which denotes the Fourier modes associated with the curvature perturbation. Usually the Bunch-Davies initial conditions are imposed on the variable v k at early times in a domain wherein k z /z. The modes are evolved from these initial conditions, and the power spectra are evaluated at late times such that k z /z. In the conventional slow roll inflationary scenario, these conditions correspond to the modes being in the sub-Hubble [i.e. k (a H)] and the super-Hubble [i.e. k (a H)] domains, respectively. While, analytically, one imposes the Bunch-Davies conditions in the limit k (a H), numerically, one often finds that it is adequate if the initial conditions on the perturbations are imposed when k 10 2 (a H). Moreover, theoretically, the spectra are to be evaluated in the super-Hubble limit k (a H). However, other than in a few peculiar models, the amplitude of the curvature perturbation f k quickly freezes once the modes leave the Hubble radius. Due to this reason, the power spectra are numerically evaluated typically when k 10 −5 (a H) (see, for instance, Ref. [32] ).
B. The models of interest
Let us now describe the different models that we shall consider and discuss the scalar power spectra arising in these models.
Models with kinetically dominated initial conditions
The scenario of our primary interest is the one with kinetically dominated initial conditions, i.e. the situation wherein the kinetic energy of the inflaton completely dominates its potential energy during the initial stages of evolution [7, 19, 20, [33] [34] [35] . We shall examine the scenario in the quadratic potential (which we shall refer to as QP)
and the Starobinsky model described by the potential
As we shall also be considering a different model due to Starobinsky, we shall refer to the model described by the above potential as Starobinsky model I (or, simply, SMI, hereafter).
In the above potentials, to achieve kinetic domination, we shall set the initial value of the first slow roll parameter to be 1i = 2.99. Evidently, this value determines the initial velocity of the field. The expansion of the universe slows down the field and one finds that inflation sets in (i.e. 1 becomes less than unity) after about an e-fold or two (say, at N 1 ) when counted from, say, N = 0, when we begin evolving the background. Moreover, slow roll inflation (say, when 1 10 −2 ) is actually achieved only after a few e-folds. We shall choose the initial value of the field so as to lead to adequate number of e-folds (say, about 60 or so) before inflation is terminated at late times. Further, we shall choose the parameters of the potential such that the scalar power spectrum is COBE normalized at the pivot scale of k * 5 × 10 −2 Mpc −1 .
Recall that, in the inflationary scenario, the standard practice is to impose the initial conditions on the perturbations in the sub-Hubble limit. However, due to the initial kinetic domination, in the scenarios of our interest, a range of large scale modes are always outside the Hubble radius. As is illustrated in Fig. 1 , for the parameters The behavior of the quantity |z /z| has been plotted (in red) as a function of e-folds N for a typical inflationary scenario of finite duration achieved due to an initial epoch of kinetic domination. Note that |z /z| decreases from its initial value until inflation sets in, after which it begins to rise. It is well known that z /z a H in slow roll inflation, as is reflected in the linear growth of |z /z| at later times. Interestingly, we find that z /z = O(a H) even in the initial fast roll phase. The wavenumbers of three modes, viz. k = 10 −4 Mpc −1 , k = 5 × 10 −3 Mpc −1 and 0.1 Mpc −1 , have also been indicated (in blue) to highlight the difference in their evolution. While the first mode always remains in the super-Hubble domain (i.e. k < z /z), the second mode spends an adequate amount of time in the sub-Hubble regime (i.e. k > z /z) before it crosses over to the super-Hubble regime. and initial conditions for the background that we shall work with, we find that modes with k 3 × 10 −3 Mpc −1 never satisfy the condition k > z /z required for imposing the Bunch-Davies initial conditions. We shall evolve the perturbations when the initial conditions are imposed at two instances in the quadratic potential (4) and the Starobinsky model (5) . We shall choose to impose the Bunch-Davies conditions on the perturbations at the time when we begin to evolve the background (i.e. at N = 0) and at the onset of inflation (i.e. at N 1 ). For convenience, we shall refer to these cases as (QPa, QPb) and (SMIa, SMIb), respectively. In Fig. 2 , to illustrate the differences in the behavior of the various modes, we have plotted the evolution of three different modes of cosmological interest in the case of QPa.
In the case of QP, we choose the initial value of the scalar field to be φ i = 18.85 M Pl . As we mentioned, the initial velocity of the field is determined by the choice 1i = 2.99. Under these conditions, the scalar field rolls down the potential for about 64.65 e-folds, before inflation is terminated close to the minimum of the quadratic potential. To achieve COBE normalization, we set the mass of the inflaton to be m = 5.00 × 10 −6 M Pl and 4.90×10 −6 M Pl in QPa and QPb, respectively. Moreover, in these cases, to achieve a drop in power at suitably large scales, the pivot scale of k * = 5 × 10 −2 Mpc −1 is chosen to leave the Hubble radius at the e-folds of N * = 6.15 and 7.17 [19] .
In the case of SMI, we choose the initial value of the scalar field to be φ i = 8.37 M Pl , with 1i = 2.99. For these initial conditions, as in the case of QP, we find that inflation ends after about 64.23 e-folds. Also, for COBE normalization, we set Λ = 5.80 × 10 −10 M 4 Pl and 5.70 × 10 −10 M 4
Pl in SMIa and SMIb, respectively. Further, in these cases, N * = 6.15 and 7.16.
Having evolved the background and the perturbations, we evaluate the power spectra at a suitably late time when all the modes of cosmological interest (say, 10 −5 < k < 1 Mpc −1 ) are sufficiently outside the Hubble radius. In the bottom panel, for comparison, we have also included the spectrum of QPa (in red). We have chosen the parameters and initial conditions of SMII, PI and HCO so that the power spectra in these models begin to exhibit the drop in power at roughly the same scale as the models with kinetically dominated initial conditions. While all the models exhibit a sharp cut-off on large scales, the drop in power is actually sharper in SMII and PI than in the other cases. Moreover, as should be clear from the two insets, all the models lead to oscillations before the spectra turn nearly scale invariant and, understandably, the amplitude of the oscillations is the smallest in the case of HCO, since it involves only slow roll. Note that the models with kinetically dominated initial conditions and the HCO model lead to exactly the same spectra on the largest and the smallest scales. The insets in the two panels highlight the behavior of the power spectra before they turn nearly scale invariant.
One finds that all the power spectra exhibit a drop in power on large scales, as illustrated in Fig. 3 . In fact, the suppression in power occurs when the Bunch-Davies initial conditions are imposed over modes that never satisfy the sub-Hubble condition k > z /z. Further, as is expected in any transition, the power spectrum exhibits a burst of oscillations before it turns nearly scale invariant on smaller scales.
Another model due to Starobinsky
The second scenario we shall consider is another model due to Starobinsky which is described by a linear potential with an abrupt change in its slope [21, 36] . In order to permit numerical analysis, we shall instead work with a smoothened form of the potential given by [37] 
Also, to distinguish from the first Starobinsky model, we shall refer to the scenario described by the above potential as Starobinsky model II (SMII, hereafter). We shall set the following values for the various parameters involved:
We shall also choose to work with the following initial conditions: φ i = 2.0 M Pl and 1i = 10 −4 .
It is useful to briefly describe the dynamics that arises in the model. For the above choices of parameters and initial conditions, we find that inflation lasts for 72 efolds, with the pivot scale crossing the Hubble radius at 49.8 e-folds before the end of inflation. We also find that, in such a case, there arise two stages of slow roll inflation with a brief period of departure from slow roll. Because of the presence of the dominant V 0 term in the potential, the first slow roll parameter 1 always remains fairly small (of the order of 1i ) through most of the evolution. In fact, such a small value for 1 permits one to express the scalar modes in terms of the de Sitter modes and thereby evaluate the power spectrum even analytically [36] . The deviation from slow roll is reflected in the large values of the second and the third slow roll parameters, viz. 2 and 3 (with n+1 = d ln n /dN , for n > 1), which occur briefly when the scalar field crosses φ 0 . As should be clear from Fig. 3 , the resulting power spectrum has a step like feature and is almost perfectly scale invariant on either side of the feature. It should be pointed out that the height of the step is essentially determined by the difference in the slopes A + and A − .
The punctuated inflationary scenario
The third scenario we shall consider is the so-called punctuated inflationary scenario (referred to hereafter as PI) achieved with the aid of the potential [13, 14] :
The potential contains a point of inflection at φ = φ 0 . If one starts with a suitably large initial value of the scalar field such that φ φ 0 , the potential admits two stages of slow roll inflation with a brief departure (for less than an e-fold) from inflation. We shall work with the following values of the parameters and initial conditions: m = 1.25 × 10 −7 M Pl , φ 0 = 1.95964 M Pl , φ i = 11.5 M Pl and 1i = 10 −2 . We have plotted the resulting scalar power spectrum in Fig. 3 . As in the case of SMII, the power spectrum exhibits a sharp drop in power on large scales. However, the model has an important drawback. One finds that, in order for the drop in power to occur at wavenumbers corresponding to the Hubble scale today, the largest scale has to leave the Hubble radius during inflation much earlier (about 10-15 e-folds) than the nominally accepted upper bound of about 65 e-folds, when counted from the end of inflation (for a discussion on this upper bound, see Refs. [38, 39] ). We find that the pivot scale itself exits the Hubble radius only at about 62.9 e-folds before the end of inflation.
The hard cut-off model
It would be interesting to analytically describe the model with kinetically dominated initial conditions and evaluate the corresponding observable quantities of interest. However, it proves to be a bit cumbersome to do so. A simpler model, which permits complete analytical evaluation of the scalar power and bispectra corresponds to a situation wherein the scalar field starts on the inflationary attractor at some given conformal time, say, η i . We shall refer to such a scenario as the hard cut-off model (or, simply, HCO). The attractive aspect of the initially kinetically dominated model is that inflation begins naturally at a specific time when the velocity of the scalar field decreases below a threshold value as it rolls down the potential. In contrast, in the hard cut-off model, we have to a priori assume that inflation begins with the scalar field being on the attractor.
Since the model involves only slow roll, it is straightforward to arrive at the Fourier modes f k describing the curvature perturbation. As is well known, during slow roll, the scalar mode f k , in general, can be expressed in terms of the de Sitter solutions as
where H I represents the Hubble scale during inflation and 1 denotes the first slow roll parameter. The quantities α k and β k are the so-called Boguliubov coefficients. If one imposes the standard Bunch-Davies initial conditions in the sub-Hubble limit, then one will have α k = 1 and β k = 0. In our case, we shall impose the initial conditions at the time η i irrespective of whether the modes are inside or outside the Hubble radius. In such a case, we obtain the Boguliubov coefficients α k and β k to be
where we have set k i = −1/η i . Note that, as η i → −∞ (i.e. as k i → 0), α k → 1 and β → 0, which corresponds to the conventional sub-Hubble, Bunch-Davies initial conditions often imposed on all the modes.
With the modes f k at hand, it is now straightforward to evaluate the resulting power spectrum by substituting the modes in the expression (2) and taking the late time (i.e. η → 0 limit). One can easily show that the power spectrum can be written as
We find that this analytical expression matches the corresponding numerical result very well (modulo at small scales, where the de Sitter modes are not adequate to capture the spectral tilt that arises in a realistic model).
In Fig. 3 , we have plotted the scalar power spectrum computed numerically in the quadratic potential (4) that we had originally considered in case of the model with kinetically dominated initial conditions. To evaluate the power spectrum, we have set m = 5.78 × 10 −6 M Pl . We have chosen the following initial values for the field and the first slow roll parameter: φ i = 15.48 M Pl and 1i = 10 −2 , which leads to inflation lasting for about 61 e-folds. The modes are evolved from a point when the field has settled on the attractor and the above choices for the parameters have been made so that the resulting power spectrum on large scales exactly matches the spectrum that arises in the models with initial kinetic domination. As we shall discuss later, this HCO model allows us to evaluate the scalar bispectrum analytically. The analytical calculations prove to be handy as they permit us to test the numerical results against the analytical results in a situation wherein the Bunch-Davies initial conditions are imposed on super-Hubble scales.
C. A dual to initial kinetic domination
We shall now discuss a situation which we shall refer to as the dual to the scenario with kinetically dominated initial conditions. Recall that, in the model with initial kinetic domination, the scalar field starts with a large velocity. Evidently, this corresponds to a situation wherein the field begins from a point away from the inflationary attractor. It is interesting to examine the effects on the power spectrum in a scenario with a finite duration of inflation where the field starts with a small velocity (than its value on the attractor) rather than a large velocity. As in the hard cut-off model, there is no natural way of terminating inflation (when one goes back in time) in such a case. Therefore, we shall assume that inflation begins at a specific time and that the Bunch-Davies initial conditions are imposed on super-Hubble scales for a range of modes. A version of such a scenario has been considered previously in the literature and we find that they are referred to as non-attractor models of inflation (in this con-text, see, for instance, Ref. [40] ). Under these conditions, we find that, as the field evolves towards the attractor, there occurs a sharp drop in power on large scales and a regime of oscillations arises over intermediate scales before the spectrum turns nearly scale invariant on small scales. We shall refer to this case as QPc and SMIc when implemented in the quadratic potential (4) and Starobinsky model (5) , respectively. In the case of QPc, we have set m = 4.9 × 10 −6 M Pl , φ i = 16.00 M Pl and 1i = 10 −4 , which lead to inflation of about 65 e-folds. In the case of SMIc, we have set Λ = 5.34 × 10 −10 M 4 Pl , φ i = 5.52 M Pl and 1i = 10 −4 , which too results in inflation lasting for about 65 e-folds. The pivot scale exits the Hubble radius at 59.40 and 59.75 e-folds before the end of inflation in the cases of QPc and SMIc, respectively. In Fig. 3 , we have compared the power spectra in the dual scenario, viz. QPc and SMIc, with the spectra arising in the cases with initial kinetic domination, i.e. QPa, SMIa, QPb and SMIb. Clearly, the kinetically dominated model and its dual generate spectra with roughly similar features. We find that the drop in power at large scales have the same shape in both the scenarios and is mostly independent of the initial velocity of the field.
Having described the alternative scenarios resulting in scalar spectra with a sharp drop in power on large scales, let us now turn to the evaluation of the scalar non-Gaussianities in these models.
III. THE THIRD ORDER ACTION AND THE SURFACE TERMS
In order to evaluate the scalar bispectrum, one requires the action describing the curvature perturbation at the third order. It can be shown that, at the third order, the action governing the curvature perturbation R can be expressed as (see, for instance, Refs. [36, [41] [42] [43] )
where, as we have mentioned earlier, 2 = d ln 1 /dN is the second slow roll parameter (with N denoting e-folds), while ∂ 2 χ = a 1 R . The quantity F(R) is given by
and L 2 denotes the Lagrangian density associated with the action governing the curvature perturbation at the second order. Note that η i is the conformal time when the initial conditions are imposed on the perturbations and η e is the conformal time close to the end of inflation, when the power and bispectra are evaluated. Typically, in analytical calculations, one assumes that η i → −∞ and η e → 0 − . The third order action (11) is arrived at from the original action governing the system of the gravitational and scalar fields. A set of temporal and spatial boundary terms are often ignored in arriving at the above action [41] [42] [43] . The spatial boundary terms do not contribute to the scalar bispectrum under any condition. However, in cases such as the scenario involving inflation of a finite duration, one finds that the temporal boundary terms can contribute non-trivially. These temporal boundary terms are given by [43] 
It should be mentioned here that, in standard slow roll inflation, apart from the term involving 2 , none of the above terms contribute either at early or at late times. The term involving 2 contributes non-trivially at late times, and this contribution is often absorbed through a field redefinition (in this context, see, for example, Refs. [41, 43] ). However, we should hasten to clarify that, in this work, we do not carry out any field redefinition and explicitly calculate all the contributions due to the bulk and the boundary terms (11) and (13) .
IV. EVALUATING THE SCALAR BISPECTRUM
In this section, we shall describe the numerical evaluation of the scalar bispectrum and the corresponding non-Gaussianity parameter f NL in the different models of our interest. In fact, these quantities have been calculated earlier in the cases of the second Starobinsky model and punctuated inflation (in this context, see, for example, Refs. [32, 36, 44] ). The models wherein the initial conditions are imposed on super-Hubble scales pose certain challenges and it is instructive to compare the numerical procedure for the computation of the bispectrum and the non-Gaussianity parameter f NL in the different cases. We should mention here that we have presented the main results for the case of the models with kinetic dominated initial conditions in our recent work [22] .
A. The scalar bispectrum and the non-Gaussianity parameter
Let us begin by recalling a few essential points regarding the scalar bispectrum G(k 1 , k 2 , k 3 ) and the corresponding non-Gaussianity parameter f NL (k 1 , k 2 , k 3 ), where the three wavevectors k 1 , k 2 and k 3 form the edges of a triangle. In the single field inflationary scenarios of our interest, the scalar bispectrum is essentially the three-point function of the curvature perturbation in Fourier space. The bispectrum can be arrived at by using the third order action describing the curvature perturbation we discussed in the previous section and the standard rules of perturbative quantum field theory [36, [41] [42] [43] .
It can be shown that the scalar bispectrum can be expressed as (see, for instance, Refs. [32, 36] )
where, as we mentioned earlier, f k are the Fourier modes of the curvature perturbation [cf. Eq. (3)], while η e denotes the conformal time close to the end of inflation.
The quantities G C (k 1 , k 2 , k 3 ) represent six integrals that involve the scale factor, the slow roll parameters, the modes f k and their time derivatives f k . They correspond to the six bulk terms appearing in the cubic order action (11) and are described by the following expressions:
These integrals are to be evaluated from a sufficiently early time (η i ), when the modes are well inside the Hubble radius, until very late times, which can be conveniently chosen to be a time close to the end of inflation (η e ). We should mention here that the last term in action (11) involving F(R) (δL 2 /δR) actually vanishes when we assume that the curvature perturbation satisfies the linear equation of motion [cf. Eqs. (3) and (1)]. In the expression (14) for the scalar bispectrum, the terms G 7 (k 1 , k 2 , k 3 ), G 8 (k 1 , k 2 , k 3 ) and G 9 (k 1 , k 2 , k 3 ) are the contributions that arise due to the boundary terms (13) associated with the third order action governing the curvature perturbation. The contribution G 7 (k 1 , k 2 , k 3 ) is due to the term containing 2 in the boundary terms (13) and it can be expressed as
In typical slow roll inflation, the contribution due to η i vanishes (with the introduction of the regulator), and it is only the term evaluated towards end of inflation that contributes. Amongst the boundary terms, we have chosen to write this term separately as it is this contribution that is often taken into account through a field redefinition [36, 41, 43] . However, as we had mentioned, we do not carry out any field redefinition and calculate the contributions due to the bulk as well as the boundary terms.
The two terms G 8 (k 1 , k 2 , k 3 ) and G 9 (k 1 , k 2 , k 3 ) are the contributions due to the remaining temporal boundary terms of the cubic order action listed in Eq. (13) . The contributions G 9 (k 1 , k 2 , k 3 ) and G 8 (k 1 , k 2 , k 3 ) arise due to terms with and without R , respectively. They are given by the following expressions:
Note that, because G 8 (k 1 , k 2 , k 3 ) involves only R (and not R ), its contribution at late times (i.e. at η e ) vanishes identically in any scenario. Moreover, both the boundary terms G 8 (k 1 , k 2 , k 3 ) and G 9 (k 1 , k 2 , k 3 ) generally do not contribute in inflationary scenarios that do not have a finite duration. But, as we shall see, in the models with kinetically dominated initial regimes, these boundary terms can contribute significantly at the initial time η i . The non-Gaussianity parameter f NL (k 1 , k 2 , k 3 ) corresponding to the scalar bispectrum G(k 1 , k 2 , k 3 ) is defined as (see, for instance, Refs. [32, 36] )
where P S (k) denotes the scalar power spectrum [cf. Eq. (2)].
B. Numerical computation of the scalar bispectrum
Let us now discuss the numerical evaluation of the scalar bispectrum. Once the background evolution has been determined, it is a matter of arriving at the solution for the modes f k and then using them to compute the integrals G C (k 1 , k 2 , k 3 ) [cf. Eqs. (15) ] and the corresponding contributions to the bispectrum. Evidently, evaluating the contributions due to the boundary terms G 7 (k 1 , k 2 , k 3 ), G 8 (k 1 , k 2 , k 3 ) and G 9 (k 1 , k 2 , k 3 ) [cf. Eqs. (16) and (17)] is relatively straightforward as it involves no integrals and can be arrived at from the background quantities and the modes f k .
As we had discussed earlier, in the standard slow roll scenario or in situations involving brief intermediate departures from slow roll [such as in the second Starobinsky model (SMII) and punctuated inflation (PI)], to arrive at the scalar power spectrum, the modes f k are evolved from the time when k = 10 2 z /z to the time when k = 10 −5 z /z. It has been established that it is often adequate to consider the evolution of modes over this domain to arrive at the bispectra as well (see Refs. [32, 44] ; in this context, also see Refs. [45, 46] ). Since the amplitude of curvature perturbation freezes on super-Hubble scales, one finds that the contribution over the domain k < 10 −5 z /z proves to be insignificant. However, as the bispectrum involves three modes, one has to evolve the modes and carry out the integrals from a domain when the smallest of the three wavenumbers (k 1 , k 2 , k 3 ) satisfies the sub-Hubble condition k = 10 2 z /z until the time when the largest of the three satisfy the super-Hubble condition k = 10 −5 z /z.
Actually, there is yet another point one needs to take into account when computing the integrals. Since the modes oscillate in the sub-Hubble domain, one actually needs to introduce a cut-off in order to regulate the integrals involved. Theoretically, such a cut-off is necessary to identify the correct perturbative vacuum (see, for instance, Refs. [41, 42] ). Numerically, the cutoff helps us to efficiently compute the integrals. For an arbitrary triangular configuration of the wavevectors, one often works with a democratic cut-off of the form exp − [κ (k 1 + k 2 + k 3 )/(3 z /z)], where κ is a suitably chosen constant. The value of κ is determined by calculating the integrals starting from different times inside the Hubble radius and examining the dependence of the results for the integrals on the initial time and the value of κ. It is found that, in most of the cases, if one chooses to integrate from k = 10 2 z /z, the value of κ 0.3 proves to be optimal [32, [44] [45] [46] . In other words, for κ = 0.3, the values of the integrals prove to be independent of how deep inside the Hubble radius the integrals are carried out from. We use this procedure to calculate the integrals G C (k 1 , k 2 , k 3 ) [cf. Eqs. (15) ], the resulting bispectrum G(k 1 , k 2 , k 3 ) and the corresponding non-Gaussianity parameter f NL (k 1 , k 2 , k 3 ) in the cases of SMII and PI [32] .
However, the scenario with kinetically dominated initial conditions and variations of it such as its dual and the hard cut-off model pose a peculiar problem. Recall that, in these cases, modes with k 3 × 10 −3 Mpc −1 are never inside the Hubble radius (in this context, see Fig. 1 ). Therefore, the integrals involving modes over this range do not actually require a cut-off. For these modes, we evaluate the integrals from N = 0 or N = N 1 when we begin to evolve the perturbations. When we do so, we find that, the contributions to the scalar bispectrum for this range of modes are completely insensitive to the value of κ. This point is illustrated in Fig. 4 wherein we have plotted the contributions to the bispectrum in the equilateral limit (i.e. when k 1 = k 2 = k 3 = k) due to the 4 . The bulk and the boundary contributions to the scalar bispectrum evaluated numerically in the equilateral limit for the case of the quadratic potential with kinetically dominated initial conditions have been plotted as functions of the cut-off parameter κ. For highlighting the points we wish to make, we have grouped the six standard bulk terms, along with the seventh term, viz. G C (k) with C = {1, 2, . . . , 7} (in red) and the boundary terms, viz. G8(k) and G9(k) (in blue). We have plotted these quantities for two modes with the wavenumbers k = 10 −4 Mpc −1 (in the top panel) and k = 0.1 Mpc −1 (in the bottom panel). The first of these wavenumbers is representative of the modes with suppressed power and is always outside the Hubble radius, whereas the second corresponds to a typical mode in the nearly scale invariant regime that emerges from sufficiently deep inside the sub-Hubble domain (cf. Fig. 1 ). We have plotted the quantities when the integrals involved have been evaluated from N = 0 (as solid curves) and from the e-folds satisfying the conditions k = 200 z /z and k = 100 z /z (as dashed and dotted curves, respectively), with the latter two being, evidently, possible only for the mode with the larger wavenumber. Note that, while the quantities are completely insensitive to κ for the first mode, the plots suggest the optimal value of the cut-off parameter to be κ = 0.3 for the second mode. Also, we should point out that the boundary terms dominate the bulk for the mode with the smaller wavenumber (cf. top panel). Moreover, in the case of the mode with the larger wavenumber, for κ = 0.3, the boundary terms cease to be important and the contributions to the bispectrum are dominated by the bulk terms, as is expected for a mode that emerges from sufficiently deep inside the Hubble radius.
bulk and the boundary terms as a function of κ in the case of QPa. Clearly, for modes with k 3 × 10 −1 Mpc −1 we can impose the Bunch-Davies initial condition at k = 10 2 z /z. As one would have expected, for these modes, the choice of κ = 0.3 turns out to be ideal as in the cases of SMII and PI (cf. Fig. 4 ). Since the modes over the range 3 × 10 −3 k 3 × 10 −1 Mpc −1 do not spend an adequate amount of time in the sub-Hubble domain, we are unable to carry out the exercise described above for identifying an apt value of κ over this set of 
The different contributions to the scalar bispectrum in the equilateral limit, viz. the bulk terms G1(k) + G3(k) (in red), G2(k) (in blue), G4(k) + G7(k) (in green), G5(k) + G6(k) (in purple) and the boundary terms G8(k) (in cyan) and G9(k) (in orange), have been plotted for the three primary models of our interest, viz. QPa (on top), PI (in the middle) and SMII (at the bottom). Note that, since all the modes of cosmological interest emerge from sufficiently inside the Hubble radius in SMII and PI, there arise no contributions from the boundary terms in these cases. However, in the case of QPa, it should be clear that the boundary terms dominate at small wavenumbers. We should also point out the linear growth in G4(k) + G7(k) at large k in SMII. The growth is known to be become indefinite in the limit when the quantity ∆φ in the potential (6) vanishes, i.e. when the change in the slope of the potential ceases to be smooth and is infinitely abrupt [37, 47] .
wavenumbers. In the absence of any other procedure to guide us, we work with κ = 0.3 over this range of modes as well. Also, we carry out the integrals from N = 0 or N = N 1 for all the modes (viz. for 10 −5 < k < 1 Mpc −1 ) until the time when the largest of the three wavenumbers involved satisfies the condition k = 10 −5 z /z. In Fig. 5 , we have plotted the various bulk and boundary contributions to the bipsectrum for QPa, SMII and PI. One finds that, in the equilateral limit, the contributions due to the first and the third terms and the contributions due to the fifth and the sixth terms have the same form. Therefore, in the figure, we have plotted the combinations G 1 (k) + G 3 (k), G 2 (k), G 4 (k) + G 7 (k) 1 , G 5 (k) + G 6 (k), G 8 (k) and G 9 (k). In the cases of SMII and PI, the boundary terms do not contribute due to the fact that all the modes of interest emerge from well within the Hubble radius. Also, in these two models, as is well known, it is the contribution due to the term G 4 (k)+G 7 (k) that dominates [32, 44] . This is easy to understand as the term G 4 (k) depends on 2 which grows large for a brief period of time in these scenariors. In complete contrast, in QPa, one finds that all the contributions to the bispectrum are roughly of the same order over a wide range of wavenumbers. Moreover, in SMII and PI, all the contributions to the bispectrum are enhanced over wavenumbers that leave the Hubble radius during the period of departure from slow roll inflation. However, in the case of QPa, the contributions to the scalar bispectrum due to the boundary terms dominate the contributions due to the bulk terms over a range of large scale modes. This is a novel result that does not seem to have been noticed earlier in the literature [22] .
C. Analytical calculation in the hard cut-off model
Since it involves only slow roll, the hard cut-off model (HCO) provides a simple situation to evaluate the scalar bispectrum analytically. In this section, we shall compare the analytical results in this case with the corresponding numerical results to highlight the accuracy of our numerical computations in situations wherein the initial conditions for a range of modes are imposed on super-Hubble scales.
It is well known that in slow roll, it is the first, second and the third bulk terms, viz. G C (k 1 , k 2 , k 3 ) with C = {1, 2, 3}, that contribute significantly to the bispectrum. These bulk terms are characterized by integrals of the form [cf. Eqs . (15) ]
with the modes f k given by Eq. (8) in the case of HCO.
Since the initial conditions are imposed on super-Hubble scales, apart from these bulk terms, we also need to evaluate the contributions due to the boundary terms viz.
. While the boundary terms are straightforward to evaluate as they involve no integrals, one finds that the above-mentioned integrals are easy to calculate as well. Note that, in the above integrals, we have introduced the cut-off in the democratic (in k 1 , k 2 , k 3 ) manner that we had discussed earlier. In Fig. 6 , we have compared the analytical results for the different contributions to the bispectrum with the corresponding numerical results in the equilateral limit. To arrive at the numerical results, we have worked with the quadratic potential (4) and have started the evolution on the inflationary attractor, as we had described in Subsec. II B 4 wherein we had discussed the scalar power spectrum arising in the model. It is clear that the analytical results match well with the numerical results indicating the extent of accuracy of the numerical procedures we have adopted. As in the cases of QP and SMI, we find that the boundary terms, in particular G 8 (k), dominate at suitably small wavenumbers.
V. AMPLITUDE AND SHAPE OF THE NON-GAUSSIANITY PARAMETER
Having obtained the scalar bispectrum, let us now turn to understand the amplitude and shape of the corresponding non-Gaussianity parameter f NL . In the next section, we shall discuss the behavior of the parameter in the so-called squeezed limit wherein it is expected to be expressed completely in terms of the scalar spectral index. In this section, we shall discuss the behavior in the equilateral limit as well as the complete shape, which is often illustrated in the form of density plots.
Let us first consider the equilateral limit. In Fig. 7 , we have illustrated the behavior of the parameter f NL in the equilateral limit in the different models of our interest. Recall that, according to the most recent constraints from Planck: f local NL = −0.9 ± 5.1, f equil NL = −26 ± 47 and f ortho NL = −38 ± 24 [48] . Amongst the models we have considered, we find that the parameter f NL is very large in the cases of QPc, SMIc and HCO. In fact, these scenarios are likely to be inconsistent with the most recent constraints on the parameter. The models SMII and PI also lead to relatively large value of f NL , but this can attributed to the sharp drop in the scalar power spectra over the relevant scales rather than a rise in the amplitude of the bispectrum. As we shall discuss in the concluding section, it seems urgent to arrive at a template for the bispectrum in models such as PI in order to be able to compare it with the CMB data at the level of three-point functions.
In Fig. 8 , we have illustrated the complete shape of the scalar non-Gaussianity parameter f NL (k 1 , k 2 , k 3 ) that arises in the various models of our interest in the form of density plots.
VI. VALIDITY OF THE CONSISTENCY RELATION
Let us now turn to the behavior of the three-point functions in the squeezed limit wherein one of the three wavenumbers is much smaller than the other two [41, 44, 49, 50] . Since the amplitude of the long wavelength mode freezes on super-Hubble scales during inflation, it can be treated as part of the background. Consequently, one finds that, in such a limit, the three-point functions generated during inflation can be expressed entirely in terms of the two-point functions through the so-called consistency relation. In the squeezed limit, the scalar bispectrum is expected to reduce to the following form (see, for instance, Ref. [44] ):
where n S (k) = 1 + [d ln P S (k)/d ln k] is the scalar spectral index, and it should be clear that we have considered k 3 to be the squeezed mode. Upon substituting the above expression in the definition (18) for the non-Gaussianity parameter f NL (k 1 , k 2 , k 3 ), we find that we can express the consistency relation in the squeezed limit as follows: 18)]. The sharp spikes in the amplitude of f NL in the cases of PI and SMII arise due to the sharp drop in the corresponding power spectra (in this context, see Fig. 3 ). Also note that the maximum amplitude of f NL is larger in QPa and SMIa when compared to QPb and SMIb. This can be partly attributed to the larger initial velocity of the background scalar field when the initial conditions are imposed on the perturbations. Moreover, interestingly, we find that the amplitude of f NL is larger in the case of QP than SMI. Lastly, the amplitude of f NL in the cases of QPc, SMIc and HCO are extremely large, possibly indicating that these models are unlikely to be viable in the light of the constraints on f NL from Planck. With the results we have obtained, it is straightforward to examine if the consistency relation is satisfied in the models of our interest. Actually, it has already been established that the consistency relation is satisfied in SMII and PI despite the strong departures from slow roll, as reflected in the sharp features in the power spectra and bispectra (see Fig. 9 ; in this context, also see Refs. [36, 44] ). However, in the case of the scenarios with kinetically dominated initial conditions, we find that the consistency condition is violated on large scales where the scalar power spectrum exhibits a suppression. This should be clear from Fig. 9 wherein we have plotted the non-Gaussianity parameter f NL (k) in the squeezed limit as well as the quantity f CR NL (k) [cf. Eq. (21)] for all the models we have been interested in. We find that the consistency relation begins to be satisfied in these cases only at small scales (for k > 3 × 10 −1 Mpc −1 ) which emerge from sufficiently deep inside the Hubble radius [say, from k 10 2 |z /z|] after slow roll inflation has 21)], determined completely by the scalar spectral index, for each of these models (as dotted blue curves). Clearly, the consistency condition (21) is satisfied in PI and SMII (as is evident from the figure on the left) even over wavenumbers wherein there arise strong departures from near scale invariance in the power and bispectra. In complete contrast, in QP and SMI, the consistency condition is violated at large scales (as should be clear from the figure on the right), but it is eventually restored at the small scales. set in. Evidently, the violation of the consistency condition is associated with the fact that the Bunch-Davies initial condition on the large scale modes are imposed when they are outside the Hubble radius. We should mention here that the violation of the consistency condition at large scales that we encounter is very similar to the violation of the condition noticed earlier in the case of non-attractor inflation [51] [52] [53] .
VII. SUMMARY AND SCOPE
At the level of the power spectrum, all the models we have considered here, viz. models with kinetically dominated initial conditions, their dual, the hard cutoff model, the second Starobinsky model and punctuated inflation, lead to a suppression of power on large scales. Naively, one would have expected that non-Gaussianities would help us discriminate between the different models, and we find that indeed they do. Though there arise some differences in the overall amplitude of the scalar bispectra in the various models, the crucial distinction seems to be their behavior in the squeezed limit. While the consistency condition is satisfied in PI and SMII over all modes of cosmological interest, in the models with initial kinetic domination, their dual and HCO, the consistency relation is found to be violated on large scales for the modes that always remain in the super-Hubble regime. However, as in the cases of PI and SMII, in QP, SMI and HCO, the consistency relation is satisfied for the small scales modes which evolve from the sub-Hubble regime.
Models such as punctuated inflation or the second Starobinsky model may be considered to be more appealing theoretically than the models with kinetically dominated initial conditions. However, the data can help us evaluate the performance of the models and rule in favor of one over the other. In order to compare with the CMB data at the level of the bispectrum, it will be useful to obtain an analytical template for the scalar bispectrum (in this context, see, for example, Refs. [54, 55] ). While there have been efforts to reproduce the power spectra analytically in the case of models with kinetically dominated initial conditions (in this context, see Ref. [7] ), these analytical calculations seem to underestimate the amplitude of the oscillations that arise as the spectrum turns scale invariant. In the context of PI, there seems to have been no effort at all to arrive at the power spectrum analytically. We are currently working on evaluating the spectra as well as the bispectra analytically in PI as well as in models with kinetically dominated initial conditions with the aim of eventually comparing these models with the CMB data at the level of bispectra [56] . the cluster computing facilities at the Indian Institute of Technology Madras, Chennai, India, where most of the numerical computations were carried out. LS also wishes to acknowledge support from the Science and Engineering Research Board, Department of Science and Technology, Government of India, through the Core Research Grant CRG/2018/002200.
Appendix A: Signatures of initial kinetic domination across models
To illustrate that the imprints of initial kinetic domination arise across all inflationary modes, in this appendix, we shall consider two other models of inflation: a small field model and so-called the axion monodromy model, which are described by the following potentials:
We work with parameters and initial conditions for the background such that the power spectra are COBE normalized around the pivot scale and the suppression on large scales occurs exactly as in QPa. The corresponding power spectra are illustrated in Fig. 10 , and it is clear that, despite the different choice of potentials, the power spectra have the same shape at large and small scales across models. In Fig. 11 , we have plotted the behavior of the non-Gaussianity parameter f NL in the squeezed limit in these cases. Clearly, the behavior of the parameter is similar to that encountered in the cases of QP and FIG. 11. The behavior of the scalar non-Gaussianity parameter f NL in the squeezed limit has been plotted (in red) for the small field inflationary model (on top) and the axion monodromy model (at the bottom). Just as we had done earlier, we have also plotted the quantity f CR NL (in blue). As in the cases of QP and SMI, while the consistency condition is violated at large scales, it is restored at small scales. This is clearly evident in the case of the axion monodromy model which is known to exhibit oscillations in the power spectrum as well as in the bispectrum even at small scales.
SMI. The restoration of the consistency condition is well illustrated in the case of the axion monodromy model, wherein both the power and bispectra exhibit continued oscillations even at small scales [44, 57] .
